By energy estimates and establishing a local (PS) c condition, existence of solutions for the p(x)-Laplacian problem involving critical growth in a bounded domain is obtained via the variational method under the presence of symmetry. MSC: 35J20; 35J62
Introduction
In recent years, the study of problems in differential equations involving variable exponents has been a topic of interest. This is due to their applications in image restoration, mathematical biology, dielectric breakdown, electrical resistivity, polycrystal plasticity, the growth of heterogeneous sand piles and fluid dynamics, etc. We refer readers to [-] for more information. Furthermore, new applications are continuing to appear, see, for example, [] and the references therein.
With the variational techniques, the p(x)-Laplacian problems with subcritical nonlinearities have been investigated, see [-] etc. However, the existence of solutions for p(x)-Laplacian problems with critical growth is relatively new. In , Bonder and Silva [] extended the concentration-compactness principle of Lions to the variable exponent spaces, and a similar result can be found in [] . After that, there have been many publications for this case, see [-] etc.
In this paper, we study the existence and multiplicity of solutions for the quasilinear elliptic problem
is a bounded domain with smooth boundary, λ >  is a real parameter, p(x), q(x) are continuous functions on¯ with 
, ∀x ∈¯ , and
Related to f , we assume that f : × R → R is a Carathéodory function satisfying sup{|f (x, s)|; x ∈ , |s| ≤ M} < ∞ for every M > , and the subcritical growth condition:
we suppose that f satisfies the following:
and a  , a  >  such that for every s ∈ R, a.e. in , Now we state our result.
Our paper is motivated by [] . In [] , the authors considered the multiple solutions to problem (.) under the conditions that f has the form f (x, t) = a(x)|t| p(x)- t + g(x, t) with a ∈ L ∞ ( ) and g satisfies the following:
, odd with respect to t and
Moreover, they assumed that
and the result is the following theorem.
) has at least k pairs of nontrivial solutions.
Note that (f  ) is a weaker version of (g  ). This condition combined with (f  ) and the concentration-compactness principle in [] will allow us to verify that the associated functional satisfies the (PS) condition [] below a fixed level for λ >  sufficiently small. Conditions (f  ) and (f  ) provide the geometry required by the symmetric mountain pass theorem [] . Compared with (g  ), there is no condition imposed on f near zero in Theorem .. Furthermore, we should mention that our Theorem . improves the main result found in [] . In that paper, the authors considered only the case where p(x) is constant, while in our present paper, we have showed that the main result found in [] is still true for a large class of p(x) functions.
The paper is organized as follows. In Section , we introduce some necessary preliminary knowledge. Section  contains the proof of our main result.
Preliminaries
We recall some definitions and basic properties of the generalized Lebesgue-Sobolev spaces L p(x) ( ) and W ,p(x)  ( ), where ⊂ R N is a bounded domain with smooth boundary. And C will denote generic positive constants which may vary from line to line. Set
For any p(x) ∈ C + (¯ ), we define the variable exponent Lebesgue space
with the norm
where M( ) is the set of all measurable real functions defined on . http://www.boundaryvalueproblems.com/content/2013/1/223
Define the space
( ), we denote the subspace of W ,p(x) ( ) which is the closure of C ∞  ( ) with respect to the norm u ,p(x) . Further, we have
So, |∇u| p(x) and u ,p(x) are equivalent norms in W ,p(x)  ( ). Hence we will use the norm
we have:
The energy functional corresponding to problem (.) is defined on W ,p(x)  ( ) as follows: 
So, the weak solution of problem (.) coincides with the critical point of I λ . Next, we need only to consider the existence of critical points of I λ (u). We say that I λ (u) satisfies the (PS) c condition if any sequence {u n } ⊆ W ,p(x)  ( ), such that I λ (u n ) → c and I λ (u n ) →  as n → ∞, possesses a convergent subsequence. In this article, we shall be using the following version of the symmetric mountain pass theorem [] .
Lemma . [] Let E = V ⊕X, where E is a real Banach space and V is finite dimensional. Suppose that I ∈ C  (E, R) is an even functional satisfying I() =  and
(i) there is a constant ρ >  such that I ∂B ρ ∩X ≥ ; (ii) there is a subspace W of E with dim V < dim W < ∞ and there is M >  such that max u∈W I(u) < M; (iii) considering M >  given by (ii), I satisfies (PS) c for  ≤ c ≤ M. Then I possesses at least dim W -dim V
pairs of nontrivial critical points.
Next we would use the concentration-compactness principle for variable exponent spaces. This will be the keystone that enables us to verify that I λ satisfies the (PS) c condition.
Lemma . [] Let q(x) and p(x) be two continuous functions such that
Let {u n } be a weakly convergent sequence in W ,p(x)  ( ) with weak limit u such that:
μ weakly in the sense of measures;
ν weakly in the sense of measures. Also assume that A = {x ∈ : q(x) = p * (x)} is nonempty. Then, for some countable index set K , we have:
where {x i } i∈K ⊂ A and S is the best constant in the Gagliardo-Nirenberg-Sobolev inequality for variable exponents, namely
. (  .  ) http://www.boundaryvalueproblems.com/content/2013/1/223
Proof of main results
Lemma . Assume that f satisfies (f  ) and (f  ) with p
Proof () The boundedness of the (PS) c sequence. Let {u n } be a (PS) c sequence, i.e., {u n } satisfies I λ (u n ) → c, and I λ (u n ) →  as n → ∞. If u n ≤ , we have done. So we only need to consider the case that u n >  with |u n | q(x) > . We know that
From (f  ), we get
-, then  < α < , and from the Hölder inequality,
In addition, from Lemma .(), we can also obtain that
.
Then
, (.) http://www.boundaryvalueproblems.com/content/2013/1/223
So we have
From (.), (.) and (f  ), we have
By Lemma ., we can assume that there exist two measures μ, ν and a function u ∈
μ weakly in the sense of measures,
ν weakly in the sense of measures,
i.e.,
From (f  ), by Lemma ., we have
By the Hölder inequality, it is easy to check that
From (.), as ε → , we obtain λν j = μ j . From Lemma ., we conclude that
where S is given by (.). Considering  < λ < λ * , we have 
Therefore, by (.), the claim is proved. As a consequence of this fact, we conclude that ν j =  for all j ∈ K . Therefore, u n → u in L q(x) ( ). Then, with the similar step in [], we can get that u n → u in W ,p(x)  ( ).
Next we prove Theorem . by verifying that the functional I λ satisfies the hypotheses of Lemma .. First, we recall that each basis {e i } i∈N for a real Banach space E is a Schauder
